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INTRODUCTION 
It is well known from physics that the reconstruction of physical quantities from ex-
perimental data is often obstructed by incomplete information, the presence of noise and the 
ill-posed nature of the inversion problem. It was shown [1] that a Bayesian reconstruction 
(BR) in terms of the Maximum Entropy Method (MEM) combined with unbiased 
a priori knowledge, if available, is one way to overcome the difficulties. Similar problems 
occur while extracting useful information from incomplete data sets in technical applica-
tions. The solution of the deduced iteration procedure, if converged, gives the most prob-
able one among all possible solutions. In case of radiographic techniques difficulties occur 
if there is no free access around the object or if the number of available radiographic pro-
jections is limited due to other reasons like restricted maximum exposure as often required 
for medical applications or economical aspects. This situation, characterized by a signifi-
cant lack of data, makes it impossible to apply reconstruction algorithms which are usually 
used for computer tomography (CT). Other reconstruction algorithms can be found by in-
troducing prior information (compare [1-6]) about the object and the structures of interest. 
Those algorithms meet practical requirements like robustness, reduction of experimental 
and numerical effort, or others. For NDE applications, e.g. the inspection of welds or cast-
ings, prior knowledge can be introduced from a practical point of view by assuming a bi-
nary or multi-material structure. This reduces significantly the number of permissible solu-
tions and therefore the number of required radiographic projections. 
But the application of Bayesian reconstruction to 3D X-ray tomography of flaws in 
matrix material is connected with strong obstacles, where one of the main is the incompara-
bility of the volumes of the searched flaws and the matrix. The multi-step concept ofrecon-
struction proposed in [5, 6] gives a way to overcome this difficulty by reducing the space of 
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interest to the Virtual Defect Space (VDS) before starting the variational procedure. In this 
report main problems are evaluated on this way, i.e. a concept to calculate the entropy or the 
energy of the voxellattice using the Gibbs statistics and the theory of Markov fields. The 
example of the 3D reconstruction of inhomogeneous volume defects (porosity and slag in-
clusions) in real welded joints using only 6 to 16 projections shows the potential of the pro-
posed technique in comparison to the tomographic restoration from 720 projections. 
FORMALISM 
General Aspects 
In case of X-ray projection techniques for a cone-beam geometry the mapping prcp-
erties of the system can be described by a discrete model: The radiographic readings at pixel 
i (i=l, ... ,l) in the detector plane (see Fig. 1) corresponding to the source position S in the 
projection n (n= 1 , ... ,N) are given by superposing the contributions of all voxels} (j= 1 , ... ,M) 
along the ray connecting the source position S and the pixel i in the detector plane 
M 
Pi,n = "l.lii,nfl} . 
}=I 
(1) 
In eq. (1) I ij gives the length of the ray through voxel} in the object connecting the source 
at position S and the point i in the detector plane for projection n, and flj the attenuation 
coefficient at voxel} in the object space. 
The inversion of (1) yields the field of attenuation coefficients. The mostly applied 
and easiest solution for this problem is given by the maximum likelihood solution, But this 
approach is restricted to cases where a sufficient amount of data is available, i.e. for the 
case of CT with about 360 up to 720 projection depending on the final resolution. But the 
situation which is to be discussed here comes from the wish to extract 3D information from 
at least not more than a small number of projections like 5-16 including restricted access to 
the object. The question occurring here is, which information can be extracted reliably from 
a very limited number of radiographic projections and views, i.e. from incomplete data, 
which may interfere with noise. Employing the Bayesian statistic one possible answer can 
be given in terms of the Maximum Entropy Method. 
The Concept of Bayesian Reconstruction 
The Bayesian statistics allows to determine the posterior probability 
p( I exp;:) p( exp I ;:) p(fll~) fl P ,~ = P fl,~' p(pexPI~) (2) 
from Bayes' theorem for a particular solution for the field fl, given the experimental data 
pexp and possible additional parameters ~ describing the prior knowledge about the process, 
the object, the measurement or other. The posterior probability p(fll pexp,~) is given by (i) 
the likelihood function p(pexpi fl, ¢} containing the new information provided by the ex-
periment, or in other words the probability for the measured data pexp if fl and .; were 
known, (ii) the prior probability p(fll~), i.e. the probability for a solution fl prior to the 
experiment, which will be discussed later, and (iii) the probability for getting results from 
the experiment p(pexPIS=) which can be assumed to be constant. The idea of the BR is to 
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Figure 1. Geometrical setup for cone beam X-ray projection. 
find the most probable solution. Therefore the corresponding estimation of the field f.i is 
determined by maximizing the posterior probability. Taking into account the constancy of 
one of the terms in the Bayes' theorem this yields 
Equivalent to this formulation is to maximize the corresponding informational entropy 
given by the logarithm of the posterior probability 
The projection radiography using X -ray film or digital detectors is finally a simple 
counting process giving a large number of independent Poisson distributed data. Due to the 
central limit theorem in statistics - if the exposure time is large enough - these data can be 
assumed to be independent Gaussian distributed with error O"i. Therefore the logarithm of 
the likelihood function is given by the mean square difference between the predicted results 
P;'" given by the model (1) and the corresponding measured data P7.~,P 
( • )2 NI c_exp 
I p( e'PI .;:) 1 2 1 "" Pip Pi,,, n P f.i,'7J =--X =--L,;L,; 2 
2 2 ,,=1 i=1 O"i 
(5) 
weighted by the error <1; for all pixels I in all projections N. 
To define the probability P(f.il~, which could be considered as a measure of a priory 
knowledge in the probabilistic form, it is reasonable to use the Gibbs energy Ey of the 
voxellattice [9]. This defines the integrated interaction potentials between voxels or inte-
grated functionals given by the deflections of the voxel values from some forced levels, 
which can be constant andlor variable in space, 
While studying the orientation of spins influenced by an external magnetic field 
taking into account only nearest neighbour interactions in terms of the Ising model, it was 
found that the Gibbs measure defined by an energy function Ey is among all probability 
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meas~es that one with the greatest uncertainty, as measured by the entropy [7). Consider-
ing Qt E1 ) as the multiplicity of degeneration, i.e. the number of states with equal prob-
ability having the energy Ey , the Gibbs measure defines the probability distribution of all 
permissible configurations of levels in the voxels: 
(6) 
where p( E1 J .;) is the probability for the voxellattice to be in the states with the energy Ey . 
In eq. (6) Zl~) is called partition function which gives a suitable normalization over all 
possible configurations of p and is usually a function of the parameters ~. It follows from 
eq. (6) that the available prior functional B{p) can be formulated in terms of the probabil-
ity of different energetic states of the lattice: 
(7) 
where k is k-th clique in the lattice. 
Finally, the iteration process to restore the unknown field jJ, minimizes the sum of 
the likelyhood function and the energy of the lattice weighted by the regularizator a: 
The parameter a regularizes the competition between the the data constraints and the prior 
given in terms of the energy of the lattice. 
The Virtual Defect Space (VDS) and the True Defect Space (TDS) 
As discussed in [7], the minimization procedure is usually implemented to the full 
object space which is much larger than the regions of interest containing only the defects 
and/or anomalies under search. This part ofthe full object space was defined to be the True 
Defect Space (TDS) or restored image. In order to reduce significantly the computing time 
for the iteration procedure and to ensure its convergence the Virtual Defect Space (VDS) 
was introduced satisfying the following conditions: (i) the VDS is chosen as close as possi-
ble to the TDS and (ii) the TDS is part of the VDS (TDS s VDS). Investigations have 
shown that a simple threshold operations applied to all projections are useful to reduce the 
object space before maximization. 
Prior Functional 
There are several prior constraints known such as mechanical models like weak 
membrane and weak plate priors (for details see [8] and references therein), cluster or plane 
support [6], or binary prior [4, 6] giving the appropriate mathematical formulation of the 
a priori knowledge about the object. For this work two types of prior knowledge are intro-
duced: (i) the smoothness constraints to support objects or structures with pieceweise con-
stant material properties and a smooth boundary between two phases, and (ii) three phase 
material, i.e. only three different types of material have to be restored where one of those is 
assumed to be air with, at least, no attenuation compared to the two other phases. 
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Mathematically these requirements can be written in discrete form such as 
(9) 
with "ji) = ml"ji)1 + m2"ji)2 (f.ll = f.l2 = 0 or 1), ml and m2 the known constant attenuation 
coefficients for the two considered materials. The index a is assigned to the voxels in the 
neighbourhood of the given one denoted by j, and fJ is a constant. In eq. (9) the smoothness 
constraints is formulated in terms of the simplest form of neighbourhood potential, related 
to the square of the first derivative of the attenuation coefficient in voxelj relative to all 
surrounding 26 voxels in case of a 3-dim. lattice. Considering only three phases character-
ized by the values 0, ml and m2 for the attenuation coefficients, the total energy of the lat-
tice is given by the energy in every of the phases, resulting in two contribution weighted by 
ml2 andm{ 
RESULTS: POROSITY AND SLAG INCLUSION IN FERRITIC WELDS 
The experimental studies, presented in this section, are to show that the proposed re-
construction algorithm, which is based on Bayesian reconstruction, overcomes the restric-
tion to binary systems [5, 6]. For this real flaws in welds are chosen: porosity and slag in-
clusion. The robustness of the proposed algorithms is investigated due to reduction of data 
and due to the amount of noise present in the data. 
Experimental Procedure 
The experiments were carried out on the /l-focus CT equipment available at BAM: 
commercial/l-focus X-ray tube (200 kV, 0.2 rnA, 40 x 40 /lm focal spot), image intensifier 
with high resolution CCD camera (1024 x 1024 pixels, 16 bit), manipulation system for the 
object. Among the 720 CT projections, acquired with a magnification of 8.25, several pro-
jection were selected for performing the multi-step Bayesian reconstruction. The pre-
processing of the data contains only anti-shading correction. For the specimen a weld was 
produced where porosities and slag inclusions were introduced. After radiographing of the 
weld a part of about lOx lOx 50 mm was selected to be cut out for manufacturing the 
specimen. The reconstruction was performed on a region of interest with a voxel size of 
250 11m. 
Reconstruction of Slag Inclusion 
Fig. 2 shows the reconstruction results for the three-level system - slag inclusion -
using 16 projections around the object. For the first step of the reconstruction algorithm a 
threshold operation was used as introduced in [6]. The result is shown in the left column of 
Fig. 2. The final restoration results are given in the center column. Here the black color rep-
resents the ground material, the light gray range an air-filled part of the slag inclusion 
whereas the slag itself is shown in gray. For this example the VDS is closed to the restored 
image because of the low noise level in the data. Here the threshold operation reduced the 
object space very effectively before performing the maximization procedure. The corre-
sponding CT reconstruction using the Feldkamp algorithm from all the 720 acquired pro-
jections is represented in the right column of Fig. 2. By comparing the results in the center 
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column and the right column the conclusion can be drawn, that the introduced reconstruc-
tion algorithm yields results which are competitive to the CT. If the number of projections 
is reduced to 8 and 6, respectively, the restoration results are compared in Fig. 3. There is 
no significant difference between the final reconstruction results. For this example all three 
phases are well reconstructed. The advantage of the proposed technique is the significant 
reduction of the number of projections by the factor of about 100, decreasing the exposure 
time and the amount of data processing. 
Figure 2. Slag inclusion in weld VDS (left column) and restored (center column) using 16 
projections. Comparison to CT reconstruction using 720 projections (right column). 
(a) (b) 
Figure 3. Slag inclusion in weld restored using 16 (a), 8 (b), and 6 (c) projections. 
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I) 
l) 
Figure 4. Projections at 0° (row I) and 67.5° (row 2), result of first-step reconstruction (rows 
3 and 4), and result of final restoration of porosity in weld using 5 projections for various noise 
levels p indicated by columns: (a) 0.00, (b) 0.05, (c) 0.10, and (d) 0.15. 
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Investigation of Noise 
In a second investigation the influence of noise in the data on the quality of image 
restoration is studied. For the simulation of different noise levels a special procedure was 
implemented. To obtain noise-free data, projections of an internal pore were chosen repre-
senting a two-level object. From these projections the noise was extracted yielding projec-
tions as shown in Fig. 4a. To simulate noise of different strength in the data Gaussian dis-
tributed white noise with variance (Tnoise was added to the data. For the calculations the ratio 
p given by (Tnoise /Imax (Imax - maximum intensity in the noise-free projection) was varied in 
the range from 0.00 to 0.15. Projections determined with this procedure are shown in the 
first two rows of Fig. 4. 
In the same figure the results after the first reconstruction step are shown in row 3 
and 4. It is obvious that the VDS increases with the level of noise introduced to the data. 
Nevertheless the final restoration of the porosity is not strongly influenced by noise as rep-
resented in rows 5 and 6 in Fig. 4. From this investigation the conclusion can be drawn that 
the proposed reconstruction algorithm works relatively stable also in case of having quite 
noisy data. 
CONCLUSION 
An extension of a former proposed 3D multi-step reconstruction algorithm in case of 
very limited and noisy data based on the Bayesian Reconstruction method was presented. 
The use of prior information in appropriate form allows to reduce significantly the number 
of necessary radiographic projections for the reconstruction while keeping the quality of 
reconstruction nearly constant and comparable to CT. Further investigation on the intro-
duction of prior knowledge are planed. 
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